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Dierential Strutures  Geometrization of Quantum Me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s
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FhG FIRST, Kekuléstraÿe 7, 12489 Berlin, Germany
torstenrst.fhg.de
The usual quantization of a lassial spae-time eld does not touh the non-geometrial harater
of quantum mehanis. We believe that the deep problems of uniation of general relativity and
quantum mehanis are rooted in this poor understanding of the geometrial harater of quantum
mehanis. In Einstein's theory gravitation is expressed by geometry of spae-time, and the solu-
tions of the eld equation are invariant w.r.t. a ertain equivalene lass of referene frames. This
lass an be haraterized by the dierential struture of spae-time. We will show that matter is
the transition between referene frames that belong to dierent dierential strutures, that the set
of transitions of the dierential struture is given by a Temperley-Lieb algebra whih is extensible
to a C∗-algebra omprising the eld operator algebra of quantum mehanis, and that the state
spae of quantum mehanis is the linear spae of the dierential strutures. Furthermore we are
able to explain the appearane of the omplex numbers in quantum theory. The strong relation to
Loop Quantum Gravity is disussed in onlusion.
I. INTRODUCTION
Einstein's theory of general relativity is one of the
most unifying steps in oneivability of nature. In his
theory only two entities of being remain: the spae-time
and matter. And furthermore these entities are not in-
dependent from eah other  they are deeply onneted
by Einstein's eld equation: The energy of the matter
auses the hange of the gravitational eld  a eld whih
is a pure geometrial property of spae-time. In fat, it
is matter that shapes the world  but matter is delin-
eated by quantum mehanis, whih it not aptured by
Einstein's theory. Quantum theory pretty muh under-
stands the properties of matter provided there is no gen-
uine onept of spae-time requested. In quantum me-
hanis spae and time are only parameters, the elds
depend on this parametrization, but there is no observ-
able whih is measuring a spae-time point.
We believe that the deep problems of uniation of
general relativity and quantum mehanis are founded
in this poor understanding of the geometrial harater
of quantum mehanis. The usual way of quantization
of a lassial spae-time eld does not touh this non-
geometrial harater of quantum mehanis. The ques-
tion will not be: Can we quantize a geometrial eld?
The question is: What is the geometry of quantum me-
hanis? In other words, the problem is not aused by
diulties of the quantization  the problem omes from
two ontraditory onepts of explanation. If we are able
to explain quantum mehanis by a genuine geometrial
onept, there should be a straight way to the most uni-
fying theory of physis remaining only one entity: the
smooth 4-dimensional manifold of spae-time.
Two basi lasses of properties lassify the struture of
a manifold: topology and geometry. In Einstein's theory
gravitation is expressed by the metrial eld, i.e. by a
geometrial property. A short-ut thinking ould sedue
us to identify matter with the topologial properties of
the manifold. Indeed, this would be a nie piture: The
two fundamental physial entities would be desribed by
the two basi mathematial strutures of one manifold.
But there is a deep problem: Topology and geometry are
only loosely onneted. If the fundamental theory were
based on them, we would not get one, we would get two
dihotomi theories separated forever losing any hane
of uniation.
What we need is a third struture that lies between
topology and geometry and that has strong onnetions
to both of them. What we really need is the missing link
between both, a struture whih is able to join geometry
and topology in single onept. And in fat, suh a third
fundamental struture exists: The third lass of proper-
ties haraterizing a manifold is the dierential struture.
We will see that dierential strutures are able to ex-
press both, geometrial and topologial properties. But
these two harateristis will be properties of dierent
dimensions: The geometrial harater represents the
hange of onnetion of a 4-dimensional manifold  it will
be the soure term in Einstein's equation. The topologi-
al harater desribes 3-dimensional singularities, whih
an be identied with the partiles. Our short-ut think-
ing was not ompletely wrong: Matter is haraterized
by topology, but it is not the one of a four manifold,
it is the topology of the 3-dimensional partiles of mat-
ter. The dierential struture desribes matter by two
equivalent pitures: a geometrial one  as a hange in
the 4-dimensional onnetion, and a topologial one  as
3-dimensional singularities.
These two pitures of the dierential struture natu-
rally express the dualism of the omplementary aspets
of matter in quantum mehanis: the non-loal, wave-like
behavior of the 4-dimensional eld of onnetion, and
the loal, partile-like harater of 3-dimensional singu-
larities. In this way, the dierential struture not only
unies topology and geometry  read: matter and gravi-
tation , it furthermore explains the dualism of quantum
mehanis by the mathematial fat that its non-loal 4-
dimensional eld of onnetion is equivalently desribed
by loal 3-dimensional singularities.
Inluding all this: If the onept of dierential stru-
2tures is appropriate, it should be able to generate
the strutures of quantum mehanis naturally, i.e. the
Hilbert spae and the algebra of eld operators. In this
artile we will show that the dierential struture is not
merely able to lead to the Hilbert spae and the eld op-
erator algebra  these basi strutures of quantum me-
hanis are the inherent expressions of the very meaning
of the dierential struture. And furthermore, the dier-
ential struture is exeptional only for one ase: only a
4-dimensional manifold has an innite number of dier-
ential strutures.
Up to now, there is no omplete mathematial theory
of dierential strutures, so let us start with a physial
point of view of dierential strutures. A manifold is de-
sribed by harts hi: homeomorphi maps from subsets
of the manifold M into the linear spae Rn
hi:M ⊃Wi → Ui ⊂ R
n.
These harts desribe the loal properties of the mani-
fold aptured by linear spaes. But the really interesting
property is the struture between these harts. Assume
two harts hi:Wi → Ui and hj :Wj → Uj . The overlap-
ping originWij =Wi∩Wj will be mapped into two (usu-
ally dierent) images Uij = hi (Wij) and Uji = hj (Wij).
A oordinate transformation between two harts is a map
between subsets of linear spaes:
hij :Uij → Uji, hij(x) = hj
(
h−1i (x)
)
.
Two harts hi, hj are ompatible if Uij , Uji are open
(possibly empty), and the oordinate transformations
hij , hji (with Wi ∩Wj 6= ∅) are dieomorphisms. A fam-
ily of pairwise ompatible harts that overs the whole
manifold is an atlas, and two atlases are equivalent if
their union is an atlas again. The equivalene lasses of
atlases are the dierential strutures of the manifold.
In physis, harts are the referene frames. A oordi-
nate transformation from one frame to a ompatible one
is a dieomorphism for whih Einstein's equation is in-
variant. Thus all solutions of Einstein's equation in ref-
erene frames of the same dierential struture are equiv-
alent. But a transition between referene frames of dif-
ferent dierential strutures leads to non-equivalent solu-
tions of Einstein's equation, i.e. ats like a soure term
of the equation. These soures represent matter. That
means in the geometrial piture:Matter is the transition
between referene frames that belong to dierent dieren-
tial strutures of spae-time.
The rst disussion of dierential strutures appeared
in a series of papers [1, 2, 3℄ written by Brans. A fur-
ther relation to partile physis was disussed in [4, 5, 6℄.
By using non-standard analysis and logi, Krol [7, 8℄
onjetured a strong onnetion between quantum me-
hanis and dierential strutures. Furthermore, in [2℄
Brans onjetured about soures of gravity given by dif-
ferential strutures (Brans onjeture) whih was proven
for some ompat manifolds by one of authors [9℄ and
for some non-ompat spaes in [10℄. In the following we
are mainly interested in the transition of the dierential
struture. A detailed investigation of the transition of a
dierential struture was given in [9℄. The basi idea is
simple: The Levi-Civita onnetion of a manifold M de-
pends deeply on the dierential struture, and a transi-
tion of the dierential struture will ause a hange of the
onnetion. Vie versa, a hange of the Levi-Civita on-
netion whih is not indued by a dieomorphism will
result in a transition of the tangent bundle. The loal
trivialization of that bundle is the dierential struture
of the manifold M . Let ω be the Levi-Civita onnetion
orresponding to a given dierential struture. A dieo-
morphism g ∈ Diff (M) will hange this onnetion ω
to
ω′ = g−1ω g + g−1dg .
The orresponding urvature R = dω + ω ∧ ω is trans-
formed to
R′ = g−1Rg
dω′ + ω′ ∧ ω′ = g−1(dω + ω ∧ ω) g .
Beause of the relation
d(g−1dg) + g−1dg ∧ g−1dg = 0
the dieomorphism g does not produe an additional
urvature. In the next setion we will show that a map
f :M → M whih is smooth, but has singularities along
a (losed) 3-dimensional submanifold Σ will hange the
dierential struture of M . We denote by f∗ the group
element indued by the dierential df :TM → TM . If
the map f admits singularities then the dierential df
and the group element f∗ are not well-dened. But it is
possible to dene the onnetion and the urvature orre-
sponding to the singular map f . We omit this tehnial
detail here and refer to the appendix. Then the orre-
sponding hange of the onnetion yields
ω′ = f−1
∗
ω f∗ + f
−1
∗
df∗
with the transformed urvature
R′ = dω′+ω′∧ω′ = f−1
∗
Rf∗+d(f
−1
∗
df∗)+f
−1
∗
df∗∧f
−1
∗
df∗ .
The additional urvature d(f−1
∗
df∗) + f
−1
∗
df∗ ∧ f−1∗ df∗
leads to a soure term in Einstein's equation [9℄: A tran-
sition of the dierential struture will hange the soure-
free eld equation [32℄
Ric(X,Y )−
1
2
g(X,Y )R = 0
to
Ric(X,Y )−
1
2
g(X,Y )R =
w
w + 1
R
(
f−1
∗
df∗
)
(X,Y )
where R((f−1
∗
df∗)) is the Rii urvature part of the sin-
gular urvature indued by the singular map f and w is
3the winding number of f .
The energy density T00 of the energy-momentum tensor
T of a partile with mass m and a volume vol(Σ) of the
manifold Σ is given by
T00 = mc
2 δΣ
where δΣ is Diras delta funtion with support on Σ, i.e∫
Σ
δΣ = 1
By the normal form of the eld equation
Ric(X,Y )−
1
2
g(X,Y )R =
8πG
c4
T (X,Y ) .
we get a relation between the energy and the geometry.
The total energy of the partile is given by the integral∫
Σ
T00 dvol(Σ) = mc
2
and by the eld equation we get for the mass of a partile
m =
c2
8πG
w
w + 1
∫
Σ
R
(
f−1
∗
df∗
)
00
dvol(Σ)
where R(f−1
∗
df∗)00is the 00-omponent of the Rii ten-
sor generated by the singular form f−1
∗
df∗. In setion
IV we will alulate the singular urvature, whih orre-
sponds to a losed 2-manifold with area A via Poinaré
duality. It is interesting to note that the area of the 2-
manifold is xed [33℄ with respet to the volume of Σ.
Then the length λ(f) = vol(Σ)/A depends only on the
map f . After this simple argumentation, we an express
the mass of the partile by
m(f) =
c2
8πG
w
w + 1
λ(f) , λ(f) =
vol(Σ)
A
.
In fat we have obtained by a simple alulation: A
massive, extended partile as the very onsequene of
the transition of the dierential struture.
Sure, this is a simpliation. Espeially there is no
explanation yet for the quantum nature of the partiles.
In Setion III we will give a omplete explanation by
onstruting the eld operator algebra of quantum
mehanis diretly from the set of transitions of dier-
ential struture. We will expliitly show that dierential
strutures on 4-manifolds are strongly onneted to
(immersed) surfaes. Suh surfaes an be desribed by
a prinipal U(1) bundle over the four-manifold. That is
the main reason for the appearane of omplex numbers
in quantum mehanis. The intersetions between these
surfaes are desribed by the dening relations of a
Temperley-Lieb algebra. In Setion IV we will onstrut
onrete examples of dierent dierential strutures. We
also will illuminate the neessity of a omplex Hilbert
spae in quantum mehanis by an expliit onstrution
of the amplitudes and phases of the quantum states. In
the last Setion V we will disuss a relation between our
approah and the loop quantum gravity.
II. DIFFERENTIAL STRUCTURES ON
FOUR-MANIFOLDS
A dierential struture of the manifold M is an
equivalene lass of the atlases of the manifold M .
We all two atlases A,A′ equivalent i there are dif-
feomorphisms between the transition funtions. As
an important fat we will note that there is only one
dierential struture of any manifold of dimension
smaller than four. For all manifolds larger than four
dimensions there is only a nite number of possible
dierential strutures DidimM . The following table lists
the numbers of dierential strutures up to dimension 11.
n 1 2 3 4 5 6 7 8 9 10 11
#Diff n 1 1 1 ∞ 1 1 28 2 8 6 992
In dimension four there is a ountable number of
dierential strutures on most ompat four-manifolds
and an unountable number for most non-ompat
four-manifolds.
To get a rst view at the terra inognita the spae
of 4-dimensional dierential strutures builds we need a
better denition of a dierential struture. A rst lue
is provided the fat that a dieomorphism M → N be-
tween two manifolds M, N indues an isomorphism be-
tween the orresponding tangent bundles TM, TN . A
transition between two only topologial (i.e. homeomor-
phi) equivalent manifolds, i.e. with dierent dierential
strutures, auses inequivalent tangent bundles. The next
hint says that the dierential struture is also enoded
into the struture of the algebra C∞(M) of smooth fun-
tions M → C. This fat is onneted with deformations
of the algebra C∞(M) providing an algebra of the dier-
ent dierential struture. Suh deformations are studied
in non-ommutative geometry. We will use a ombination
of both approahes: We will onstrut for the transition
of the dierential struture the non-ommutative alge-
bra of deformations of C∞(M) and the transition of the
tangent bundle desribed by the hange of the onne-
tion. And we will formalize this approah by onsidering
two homeomorphi four-manifolds M, N with dierent
dierential strutures.
Unfortunately it is too diult to use the homeomor-
phism M → N to onstrut the transition of the tangent
bundle TM → TN . The triky way is to use a smooth
map f :M → N whih is surjetive but not injetive [34℄.
Suh a map is singular, i.e. the linear map of the dier-
ential
dfx:TxM → Tf(x)N
4has not the maximal rank and we dene the singular set
Σ to be
Σ = x ∈M | rank(dfx) < 4 .
It is obvious that the transition of the dierential stru-
ture is strongly related to the struture of the singular
set Σ. The explanation of this fat in the next setion will
show the geometrial nature of the quantum inarnated
in the transition of dierential struture.
III. CONSTRUCTION OF THE FIELD
OPERATOR ALGEBRA
The fundamental hypothesis of this paper is the state-
ment that the strutures of quantum mehanis are nat-
urally indued by the dierential struture of the spae-
time-manifold. In this setion we will justify this by prov-
ing the
Theorem: Let T be the dierential ∗-algebra of singu-
lar 1-forms dened below forming the set of transi-
tions of the dierential struture. Furthermore, let
Dϕ be the ovariant derivative assoiated to the sin-
gular form ϕ and the universal derivative L of T
dened by ϕLψ := Dϕψ. Then the algebra T has
the struture of a Temperley-Lieb algebra. The al-
gebra of transitions T is extensible to a C∗-algebra
omprising the algebra of eld operators of parti-
les. The omplex Hilbert spae is indued by T via
the GNS onstrution.
In the introdution we have shown that there is a lose
relation between the transition of the dierential stru-
ture and a singular onnetion with 3-dimensional sup-
port. Suh onnetions are expressed by singular 1-forms
with 3-dimensional supports. At a rst glane, one might
be tempted to assume that the vetor spae spanned by
these 1-forms is apable of desribing all transitions of
the dierential struture. However, as it will turn out, it
is the support of the 1-forms whih is important. Thus
we are looking for a struture that aptures the transi-
tions of the support of the singular 1-forms. Supports,
in their apaity of being sets, suggest two operations,
viz. union and intersetion. Thus we would expet that
the transitions of the dierential struture are desribed
by an algebrai struture with two operations, i.e., by an
algebra. This is what we are going to prove in the sequel.
We will onne ourself to the ase where the tangent
bundle is hanged only by a variation of the dieren-
tial struture. But a transition of the tangent bundle is
aused by the hange of its onnetion. Thus, we have to
disuss the eet of a singular smooth map that hanges
the onnetion.
Given a singular smooth map f :M → N representing a
variation of the four-manifold M and auses a transition
of the dierential struture. Let DM and DN be the o-
variant derivatives of the tangent bundles TM and TN .
Any ovariant derivative an be deomposed byD = d+ω
with the onnetion 1-form ω. We get the transformation
DM = f
−1
∗
DN f∗
of DM to DN with the group element f∗ indued by the
dierential df :TM → TN and the onnetion 1-form
transforms by
ωM = f
−1
∗
ωN f∗ + f
−1
∗
df∗ .
The inhomogeneous ontribution of the hange of the
onnetion is given by the singular 1-form
ϕ = f−1
∗
df∗
whih has a support at the singular set Σ of f . Be-
fore we proeed with the denition of a singular 1-form,
we have to disuss the ation of a dieomorphism. Let
g:M → M be a dieomorphism that indues a map
dg:TM → TM whih is also a dieomorphism. The ap-
pliation of g hanges the derivative D to g−1
∗
Dg∗ and
keeps the trae TrM (D) of operator D over M invari-
ant: TrM (g
−1
∗
D g∗) = TrM (D) for all dieomorphisms
g. The last relation is only true for dieomorphisms and
not for singular maps like f . Thus instead of using the
operator D, whih is not dieomorphism-invariant, we
onsider the dieomorphism-invariant trae TrM (D).
There are two methods to dene the singular form ϕ:
1. Given the two onnetion 1-forms ωM , ωN dened
above, then
ϕ = ωM − f
−1
∗
ωN f∗
2. or onsider the exterior dierential d and dene
ϕ = D − d D = f−1
∗
(d)f∗ = d+ f
−1
∗
df∗
The rst method was used in [9℄ to alulate the hange
of free Einstein equation aused by the transition of
dierential struture. In this paper we study the seond
method. The question is: What is the dierene between
d andD? By the theory of dierential forms we know that
d is the exterior derivative with d2 = 0. In ontrast to
this, D is a more general derivative: D fullls the Leibniz
rule D(ϕψ) = (Dϕ)ψ + ϕ(Dψ) and D3 = 0 in plae
of d2 = 0. The square D2 = dϕ + ϕ ∧ ϕ  in general
not zero  is the urvature of the singular onnetion
hange ϕ. The relation D3 = 0 is the Bianhi identity. If
we express the urvature Dϕ as the ovariant derivative
of ϕ, then the Bianhi identity is given by D2ϕ = 0.
That fat is used below to onstrut an exterior derivative
from the ovariant derivative. Thus, a generating element
of the onnetion hange is given by the 1-form ϕ with
supp(ϕ) = Σϕ whih is the singular set Σϕ of the smooth
map f :M → N .
In the following we will show that the set S of singu-
lar 1-forms ϕ has an algebra struture. Its two dening
operations  sum and produt  are related to the union
5and intersetion of the supports. Thus we an dene the
sum by
ϕ+ ψ = χ : ϕ, ψ, χ ∈ S, supp(χ) = supp(ϕ) ∪ supp(ψ) .
The onstrution of the produt ϕ·ψ is a bit more ompli-
ated. Given two forms ϕ, ψ with their singular supports
Σϕ, Σψ . Any 1-form is naturally assoiated with a urve
lying in its singular support: This assoiated urve Cϕ is
dened by the Poinaré dual of the 1-form ϕ (see [11℄),
i.e. via the integral of the 1-form∫
Cφ
φ = 1 .
The urves of ϕ, ψ are generators of the fundamental
groups π1(Σϕ), π1(Σψ). In general, for a map f : M → N
with singular set Σ there are more than one generator of
the fundamental group π1(Σ). Let Cϕ and Cψ be two
generators of π1(Σ). Furthermore, let Sϕ be the surfae
with boundary ∂Sϕ = Cϕ also known as Seifert surfae.
Beause of the knotting of the urve Cϕ, the Seifert sur-
fae an be very ompliated (see [12℄). The two urves
Cϕ, Cψ are linked if their orresponding surfaes inter-
set transversally. We denote linked urves by Cϕ ≬ Cψ
and the transversally intersetion by Sϕ ⋔ Sψ. By this,
we are able to dene the produt
ϕ · ψ = χ : ϕ, ψ, χ ∈ S, supp(χ) = supp(ϕ) ∩ supp(ψ)
where the produt urve Cχ is given by
Cχ =
{
Cϕ ≬ Cψ : Sϕ ⋔ Sψ
Cϕ ⊔ Cψ : Sϕ ∩ Sψ = ∅
The rst ase Cϕ·ψ = Cϕ ≬ Cψ represents a non-
ommutative produt ϕ · ψ 6= ψ · ϕ beause the link
Cψ·ϕ = Cψ ≬ Cϕ is dierent from Cϕ·ψ. In knot theory
one alls Cψ·ϕ the mirror link of Cϕ·ψ. In the seond ase
one gets from Cϕ·ψ = Cϕ⊔Cψ by using Cϕ⊔Cψ = Cψ⊔Cϕ
the relation Cϕ·ψ = Cψ·ϕ. Thus, in this ase the produt
is ommutative ϕ ·ψ = ψ ·ϕ. The produt with a number
eld K is indued from the orresponding operation of
dierential forms. That ompletes the onstrution.
The set of singular 1-forms S endowed with these two op-
erations forms T = (S,+, ·)  the algebra of transitions of
the dierential struture of spae-time, i.e. of transitions
between non-dieomorphi referene frames. In the intro-
dution we have motivated that the transitions ϕ ∈ T of
the dierential struture represent matter by generating
additional soure terms in the gravitational eld equa-
tion. In the following we will show that this algebra T of
transitions of dierential struture of spae-time also has
a diret meaning in quantum mehanis: T is the algebra
of eld operators of partiles  the Teilhen-algebra.
For eah singular 1-form ϕ ∈ T there is a natural op-
erator Dϕ: T → Ω1(T )  alled the ovariant deriva-
tive w.r.t. to ϕ  mapping an element ψ of T to an 1-
form Dϕψ ∈ Ω1(T ) over T satisfying the Leibniz rule
Dϕ(ψ · χ) = (Dϕψ) · χ+ ψ · (Dϕχ). The expression
Φ = Dϕϕ, Φ ∈ Ω
1(T )
is alled the urvature of ϕ. Aording to [13℄, every alge-
bra admits an universal derivative L with L2 = 0 whih
also makes T to a dierential algebra. Furthermore, we
an dene formal dierential forms Ωp(T ) on T by us-
ing L. Then, a p-form is generated by ϕ0Lϕ1 · · ·Lϕp or
1Lϕ1 · · ·Lϕp (see [14℄). Every two elements ϕ, ψ ∈ T de-
ne an element of Ω1(T ) by Dϕψ. By the universal prop-
erty of the derivative L, Ω1(T ) is generated by forms like
ϕLψ or 1Lϕ. Thus, also Dϕψ must be given by a form
like this and we may hoose
Dϕψ = ϕLψ . (1)
In ontrast to the usual representation we do not have a
wedge produt ∧ and thus we annot dene the ovari-
ant derivative like Dϕ = L+ ϕ∧. But we an hoose the
derivative L in suh a way (using the universality prop-
erty of L) that the relation Dϕψ = ϕLψ is fullled. Then
the urvature an be written as Φ = Dϕϕ = ϕLϕ.
Furthermore, we an introdue a trae of a singular
form ϕ = f−1
∗
df∗ with respet to a urve C by the integral
Tr(ϕ,C) :=
∫
C
ϕ <∞ .
The universal derivative L extends the trae over T to
all forms Ωp(T ) by relation (1). Using general properties
of L, one obtains the relation
Tr(ΦΨ, C) = (−1)pqTr(ΨΦ, C), Φ ∈ Ωp(T ), Ψ ∈ Ωq(T )
(2)
for the trae on T with a suitable urve C. The onstru-
tion of one operation is unsettled: the star operation ∗
whih makes T to a ∗-algebra. A ∗-operation has to ful-
ll the two relations: (ϕ∗)∗ = ϕ and (ϕ·ψ)∗ = ψ∗ ·ϕ∗. Let
ϕ be a singular 1-form and Cϕ the orresponding urve.
We dene ϕ∗to be a 1-form with urve C(ϕ∗) = Cϕ,
i.e. the urve Cϕ with the opposite orientation. Then the
rst relation (ϕ∗)∗ = ϕ is obvious. The seond relation
(ϕ ·ψ)∗ = ψ∗ ·ϕ∗ is a standard fat from knot theory: the
hange of the orientation of a link transforms the link to
the mirror link. Let ϕ · ψ be a link then (ϕ · ψ)∗ is the
mirror link. By denition, ψ∗ · ϕ∗ is also the mirror link.
That ompletes the onstrution of the algebra T .
Finally we obtain:
1. T is a dierential ∗-algebra T = (S,+, ·, L),
2. the ovariant derivative Dϕ is related to L by
Dϕψ = ϕLψ,
63. the nite trae Tr(ϕ,C) =
∫
C
ϕ fullls relation (2).
In the sequel we will show that the algebra T is a Tem-
perley-Lieb algebra over a number eld whih are the
omplex numbers. For the speial ase, T will be idential
to the eld operator algebra of the fermions. That proves
that the algebra of transitions of dierential strutures
leading to the main struture of quantum eld theory.
A Temperley-Lieb algebra is an algebra with unit ele-
ment 1 over a number eld K generated by a ountable
set of generators {e1, e2, . . .} with the dening relations
e2i = τ · ei , eiej = ejei : |i− j| > 1,
eiei+1ei = τei , ei+1eiei+1 = τei+1 , e
∗
i = ei (3)
where τ is a real number in (0, 1]. By [15℄, the Temperley-
Lieb algebra has a uniquely dened trae Tr whih is
normalized to lie in the interval [0, 1]. The proof is arried
out by the following steps:
• The urvature of the sum of two elements (4) on-
sists of four terms whih have to be interpreted
independently. This an be done by means of the
produt of T .
• Using the set-theoretial formula (6), we will get
relations (8) between some speial produts of el-
ements. These produts are interpreted as opera-
tions between the supports of the singular forms.
• The singular form is a hange of onnetion. Ev-
ery onnetion has to fulll the Bianhi identity.
This identity is expressed as B(ϕ, ϕ, ϕ) = 0 for the
trae (12). We have to hek that all urves ϕ(t)
in T together with all innitesimal variations (10)
of the urve leaving invariant the Bianhi identity
B(ϕ, ϕ, ϕ) = 0. This results in the fat, that the
basis elements ei of the algebra T are projetion
operators.
• It is possible to introdue an order struture on
the set of basis elements. If the four-manifold is
ompat then the basis set is ountable.
• Finally, it is possible to introdue a star operation
and to show that the number eld are the omplex
numbers.
In the rst step of the proof we will study the urvature
of the sum of two singular forms ϕ, ψ, i.e. the expression
Dϕ+ψ(ϕ + ψ):
Dϕ+ψ(ϕ+ ψ) = (ϕ+ ψ)L(ϕ+ ψ) (4)
= (ϕLϕ+ ψLψ) + (ϕLψ + ψLϕ) . (5)
Eah of the four summands of the right-hand side of (4)
has to be expressible as a singular form of its own. We
know that ϕLϕ and ψLψ are the urvatures of ϕ and ψ,
respetively. Furthermore, the sum of two singular forms
ϕ, ψ with non-interseting supports produes the sum of
urvatures Dϕ+ψ(ϕ+ψ) = Dϕϕ+Dψψ. But, how an we
interpret the expressions Dϕψ = ϕLψ, Dψϕ = ψLϕ? Let
us onsider the following onstrution. Non-interseting
supports Σ′ϕ, Σ
′
ψ an be onstruted from Σϕ, Σψ by
Σ′ϕ = Σϕ \ (Σϕ ∩Σψ) , Σ
′
ψ = Σψ \ (Σϕ ∩ Σψ) .
and we get the set-theoretial formula:
Σϕ ∪ Σψ = (Σ
′
ϕ ⊔ Σ
′
ψ) ∪ (Σϕ ∩ Σψ) (6)
where Σ′ϕ⊔Σ
′
ψ is the disjoint union, i.e. the union Σ
′
ϕ∪Σ
′
ψ
with Σ′ϕ ∩ Σ
′
ψ = ∅. By the arguments above, we identify
ϕLϕ+ψLψ with the urvature of a singular form of sup-
port Σ′ϕ ⊔ Σ
′
ψ. Thus we have to assoiate the ross term
ϕLψ + ψLϕ to a singular form of support Σϕ ∩ Σψ. By
onstrution, that is the produt · in the algebra T . We
obtain for the urvature of the produt:
Dϕ·ψ(ϕ ·ψ) = ϕ ·ψL(ϕ ·ψ) = ϕ ·ψ(Lϕ)ψ + ϕ ·ψ · ϕ(Lψ)
using the Leibniz rule of the derivative L. With (2), the
trae of the urvature of the produt is given by
Tr(ϕ·ψL(ϕ·ψ)) = Tr(ψ ·ϕ·ψLϕ)+Tr(ϕ·ψ ·ϕLψ) . (7)
We obtain the meaning of the terms in (4) by making the
ansatz of the produts
ψ · ϕ · ψ = τψ , ϕ · ψ · ϕ = τϕ (8)
for the intersetion Σϕ ∩ Σψ 6= ∅. Inserting (8) in (7)
we get the ross term ϕLψ + ψLϕ. But this is exatly
the interpretation of the addition (4) by using the set-
theoretial formula (6). As noted above, the produt ϕ·ψ
an be ommutative or not. For the ommutative ase,
we obtain a restrition by relation (8): ϕ · ψ2 = τψ. A
simple manipulation shows (ϕ · ψ)2 = τϕ · ψ. Thus, the
produt ϕ · ψ is a projetion operator.
With (1) the Bianhi identity is given by
D2ϕϕ = ϕLϕLϕ = 0 (9)
for any element ϕ ∈ T . Thus eah element of an 1-
parameter family ϕ(t)  a urve in T  has to keep in-
variant the identity (9) with respet to any deformation
d
dt
ϕ(t)
∣∣∣∣
t=0
= [ψ, ϕ(0)] = ψϕ(0)− ϕ(0)ψ (10)
for some element ψ ∈ T . This leads to the fat that the
produt in T is not determined ompletely. An innites-
imal deformation of the produt to a new one is just
dened by (10) [14℄. This equation has to be fullled for
all deformations beause the Bianhi identity is valid for
all dierential strutures. To study the onsequenes of
this demand we dene the traes
A(ϕ0, ϕ1) := Tr(ϕ0Lϕ1, C) , (11)
B(ϕ0, ϕ1, ϕ2) := Tr(ϕ0Lϕ1Lϕ2, C) , (12)
7for suitable urves C, fullling the relations
A(ϕ0, ϕ1) = A(ϕ1, ϕ0) (13)
A(ϕ0ϕ1, ϕ2) − A(ϕ0, ϕ1ϕ2) = 0 , (14)
and
B(ϕ0, ϕ1, ϕ2) = B(ϕ2, ϕ0, ϕ1) = B(ϕ1, ϕ2, ϕ0)(15)
B(ϕ0 · ϕ1, ϕ2, ϕ3) − B(ϕ0, ϕ1 · ϕ2, ϕ3) +
B(ϕ0, ϕ1, ϕ2 · ϕ3) − B(ϕ3 · ϕ0, ϕ1, ϕ2) = 0, (16)
where we have used (2). By means of the trae B the
Bianhi identity beomes
B(ϕ, ϕ, ϕ) = 0 . (17)
For the urve ϕ(t) we demand that all innitesimal de-
formations of A(ϕ, ϕ) and B(ϕ, ϕ, ϕ) vanish, i.e.
d
dt
A (ϕ(t), ϕ(t))
∣∣∣∣
t=0
= 0
d
dt
B (ϕ(t), ϕ(t), ϕ(t))
∣∣∣∣
t=0
= 0 ,
and for B(ϕ, ϕ, ϕ)
d
dt
B(ϕ(t), ϕ(t), ϕ(t))
∣∣∣∣
t=0
!
= 0
= B([ψ, ϕ(0)], ϕ(0), ϕ(0)) +B(ϕ(0), [ψ, ϕ(0)], ϕ(0))
+B(ϕ(0), ϕ(0), [ψ, ϕ(0)])
= 3B([ψ, ϕ(0)], ϕ(0), ϕ(0))
= 3B(ψ · ϕ(0), ϕ(0), ϕ(0)) − 3B(ϕ(0) · ψ, ϕ(0), ϕ(0))
= 3(B(ψ, (ϕ(0))2, ϕ(0))−B(ψ, ϕ(0), (ϕ(0))2)) see (16)
= 0
The last identity requires that ϕ is a projetor
ϕ2 = τϕ . (18)
Using that requirement we will show in the following that
these projetors are the basis elements of T . The sup-
port of the urve ϕ(t) is a onneted 3-manifold Σϕ(t).
By topologial arguments about deompositions of 3-
manifolds (see [16, 17℄), we an always ut the support
of a singular form into simple piees. We all the algebra
elements of these simple piees the basis of the algebra.
In the next setion we will onstrut suh a basis. The
simple piees have interseting supports whih implies
that all basis elements fulll relation (8). By the linear
independene, it is enough to study the innitesimal de-
formations for the basis elements of the algebra. Thus we
obtain the result: The invariane of the Bianhi identity
B(ϕ, ϕ, ϕ) = 0 with respet to innitesimal deformations
(10) leads to the fat that the basis elements of the al-
gebra T are projetors (18). The ase of deformation of
A(ϕ, ϕ) gives no new results and it is not diult to see
that the expression A(ϕ, ϕ) is an invariant of the algebra
T .
The disussion above has shown that:
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Figure 1: Representation of a 3-manifold as tree
1. The produt between two elements ϕ, ψ ∈ T is
divided into two ases: ϕ·ψ = ψ·ϕ, (ϕ·ψ)2 = τ(ϕ·ψ)
and ϕ · ψ · ϕ = τϕ, where all basis elements are
projetion operators ϕ2 = τϕ.
2. The rst ase orresponds to the disjoint union Cϕ⊔
Cψ of the orresponding urves Cϕ, Cψ.
3. The seond ase desribes the linking Cϕ ≬ Cψ
of the urves. All suh elements ϕ, ψ are non-
ommutative.
The produt of two elements ϕ ·ψ is non-zero if the their
supports interset Σϕ ∩ Σψ 6= ∅. If further the assoi-
ated urves are linked Cϕ ≬ Cψ the elements are non-
ommuting ϕ ·ψ 6= ψ ·ϕ. In four dimensions the support
of the dierential form is a 3-dimensional spae and the
intersetion is a 2-dimensional.
We an desribe this in a ompat form by a graph
with a vertex for every 3-dimensional support and an
edge between any two verties that orrespond to inter-
seting supports. In the sequel we are going to simplify
the graph just desribed. To this end we need to em-
ploy a ertain fat about the struture of 3-manifolds.
Every 3-manifold is the boundary of an uniquely given
4-manifold. Aording to the paper [18℄, this 4-manifold
must be ontratible. But this implies that the graph
desribed above must be ayli, sine otherwise the or-
responding 3-manifold would be the boundary of a non-
ontratible 4-manifold. An ayli graph is a tree; thus,
the graph under onsideration is a tree, whih is nite
due to the ompatness of the 3-manifold Σ. Our tree
onsists of two kinds of elements, viz. branhing verties
with more than two neighbours, and regular verties
with one or two neighbours. A branhing vertex orre-
sponds to the intersetion of more than two 3-manifolds
(see gure 1, vertex 2 is the branhing vertex). The inter-
setion of two 3-manifolds embedded into a 4-manifold is
a 2-manifold. Hene, branhing verties in the graph or-
responding to a disjoint union of 2-manifolds. Two inter-
seting 2-manifolds generate a yle in the graph, whih
ontradits the simple-onnetivity of the 4-manifold.
Next we will desribe a proedure whih onverts the
branhing verties to regular verties by hanging the
3-manifolds. By dieomorphisms we an move the 2-
manifolds. When doing so it an happen that we pro-
due intersetions of 2-manifolds. Aording to a result
of Casson [19℄ it is possible to deform the 2-manifolds to
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Figure 2: Fig. I is the starting tree. Fig. II shows the modi-
ation of the tree after the resolving of the branhing point
2 whih is moved to the point 3. Fig. III is the result of the
repetition of the proedure resulting in a line.
remove these intersetions at the prie of resulting self-
intersetions of the deformed 2-manifolds. By this pro-
edure we an rebuild the tree (see gure 2), and one
branhing vertex is onverted to a regular one. By this
proedure, the struture of the 3-manifold will be modi-
ed. We will disuss this fat in a later paper. A repeti-
tion of this proedure amounts to shifting a subtree along
some path down to some leaf of the tree. By doing so, the
vertex where the subtree was rooted originally is turned
to a regular (i.e. non-branhing) vertex. Finally we an
deform the graph struture to a line. But that is an order
 the order of the basis elements of the algebra T . Thus,
there is a nite number of generators of T whih are or-
dered along a line. This is equivalent to a labeling of the
generators by integer numbers. We denote the generators
by ek with k ∈ N.
Putting all fats together we an onstrut the algebra
of transitions of the dierential struture: To every sup-
port of a singular 1-form we assoiate a generator ei of
T whih is a projetion operator up to a onstant fa-
tor τ , i.e. e2i = τei. By the argumentation above, we
an hoose the order of the generators in suh a manner
that the urves C(ei) and C(ej) of ei and ej, respe-
tively, are linked only for |i− j| = 1. By denition we ex-
press the relation for non-linked urves by eiej = ejei for
|i−j| > 1. Relation (8) an be rewritten as eiei+1ei = τei
or ei+1eiei+1 = τei+1. What remains to nish the proof
of the theorem is the onstrution of a ∗-operation and
the establishment of the fat that the number eld is that
of the omplex numbers.
The onstrution of the ∗-operation in T has been done
above by hanging the orientation of the urve Cϕ for an
element ϕ ∈ T . Then the main relations like (ϕ∗)∗ = ϕ
and (ϕ · ψ)∗ = ψ∗ · ϕ∗an be justied. In [20℄, Akbulut
onstruted the support of a singular 1-form for simple
piees orresponding to the base elements ei of the al-
gebra T . Then he showed that the mirror C(e∗i ) of the
urve C(ei) leads to a dieomorphi support of the sin-
gular 1-form e∗i , i.e. the base elements are self-adjoint
e∗i = ei.
To show that the number eld of T is that of the
omplex numbers we assoiate a singular onnetion 1-
form ϕ = f−1
∗
df∗ to a smooth, singular map f :M → N
between two manifolds M, N with dierent dierential
strutures. The urvature Ω is given by Ω = d(f−1
∗
df∗)+
f−1
∗
df∗∧f−1∗ df∗ with support a surfae supp(Ω) = S em-
bedded into the 3-manifold Σ whih is the singular set of
f . To onstrut the surfae, we onsider the Euler lass
e(Ω) assoiated to the urvature 2-form via the relation
e(Ω) ∧ e(Ω) = p1(Ω) with the rst Pontrjagin lass p1.
Then the surfae S is dened by the relation∫
S
e(Ω) = 1
whih denes a bilinear map H2(M,Z)×H2(M,R)→ R
between the homology lass [S] ∈ H2(M,Z) of the sur-
fae and the ohomology lass [Ω] ∈ H2(M,R) of the
urvature. The lassiation theory of vetor bundles
(see [21℄ for instane) states that every ohomology lass
in H2(M,R) is given by the urvature of a omplex
line bundle L over the 3-manifold Σ. Furthermore, let
s: Σ → L be a setion of the omplex line bundle, then
the zero set x ∈ Σ | s(x) = (x, 0) is the homology lass
[S] ∈ H2(M,Z). Thus, the lass [tr(Ω)] is the urvature
2-form of a omplex line bundle, i.e. a dierential 2-form
with values in the Lie algebra iR of the U(1) group. Let
ϕ be the singular 1-form whih generate via ϕLϕ the
urvature Ω. For simpliity we assume that the form ϕ
is given by ϕ = ciei with the base element ei. Then, we
obtain the oeient of the urvature to be
Ω = ϕLϕ = c2i eiLei .
Any urvature 2-form Ω an be deomposed as a 2-form
by Ω = Ωµνdx
µ ∧ dyν where Ωµν is an anti-symmetri
matrix with values in iR. A diret identiation of the
oeient ci is given by the integral∫
S
tr(Ω) = Tr(tr(Ω)) = c2i Tr(ei Lei) ,
and we obtain
ci =
√
Tr(tr(Ω)) ∈ C .
Thus, the number eld of the algebra is that of the om-
plex numbers. That ompletes the proof of the theorem.
It remains to show that T an be dened as an algebra
of linear operators over some Hilbert spae. This an be
done by the GNS onstrution (see [22℄). First we remark
that the algebra itself is also a vetor spae. Given two
elements ϕ, ψ ∈ T then Tr(ψ∗ϕ) = 〈ψ, ϕ〉 is the salar
produt. The self-adjoint elements ek are projetion op-
erators and are the basis elements of the Hilbert spae.
Finally it follows: The ompletion of the algebra (T , T r)
9is a omplex Hilbert spae. By xing the parameter τ of
the algebra T to be τ = 1/2, the ompletion of T or-
responds to the Fok spae of fermions in quantum eld
theory (see [23℄, hapter 2). That is a remarkable result:
The self-adjoint projetors ek generate the reation and
annihilation operators of the fermions. That means, for
τ = 1/2 the algebra T is the standard Cliord algebra of
anti-ommutative operators. For the ase τ 6= 1/2, T ex-
tends the standard quantum eld algebra to a Temperley
Lieb algebra.
The algebra T was introdued by Temperley and
Lieb in the ontext of statistial mehanis and by Jones
for the desription of the so-alled hypernite fator II1
C∗-Algebra. Later this algebra was used by Kauffman
and Likorish to dene invariants of a three-manifold
idential to the so-alled quantum invariants, and we will
disuss this interesting relation in the last setion.
IV. SPACE-TIME REALIZATION OF THE
FIELD OPERATOR ALGEBRA
Using the results of the previous setion it is possi-
ble to onstrut a onrete realization of the algebra (3)
of transitions of the dierential struture of spae-time.
Let us start with the question: Whih operations hange
the dierential struture of spae-time but do not alter
the topology? Up to the present two suh surgeries are
known: the logarithmi transform and its generalization 
the knot surgery. In this setion we will show that all gen-
erators e2i−1 for i > 0 are represented by the logarithmi
transform, whereas all possible generators ei orrespond-
ing to the knot surgery.
In a short overview both operations an be desribed
easily. As a pre-requisite we need a topologially ompli-
ate four-manifold. The logarithmi transform is a pro-
edure removing a torus with neighborhood and sewing
in a twisted version of the torus, i.e. we ut the torus,
twist one end p times and glue both ends together. As
proved by Gompf [24℄, the new four-manifold has a dier-
ent dierential struture for p > 0. Later Fintushel and
Stern [25℄ generalize this operation to the knot surgery :
Instead of using only twists of the end, the end an be
knotted aording to a knot. Fintushel and Stern show
that for dierent knots, the resulting four-manifolds may
have dierent dierential strutures. Furthermore it was
onjetured that any two dierent knots K1, K2 always
lead to dierent dierential strutures. Later, this onje-
ture was orreted by Akbulut [20℄: The knot K1 and its
mirror K1 have to be dierent to the knot K2, then the
orresponding dierential strutures are also dierent.
Now we will desribe the tehnial details of both on-
strutions. A good point to begin with is to onsider
the simplest transition of the dierential struture: the
logarithmi transform representing the ommuting sub-
set of generators of T . Given a suiently non-trivial
simply-onneted four-manifold [35℄. A logarithmi trans-
form is a transition of the four-manifold M by utting
out a neighborhood N(T 2) of an -embedded [36℄ torus
T 2 = S1 × S1 with no self-intersetions and sewing in a
twisted torus. In the following we will onstrut the al-
gebra A of transitions of the dierential struture of M
indued by logarithmi transforms.
Consider a neighborhood N(T ) = D2 × T of an -
embedded torus T in M with π1(M \T ) = 0. We remove
N(T ) from M to get M \ N(T ) with boundary ∂(M \
N(T )) = T 3. We glue it bak by an orientation-reversing
dieomorphism g: ∂N(T ) = S1×T → ∂(M \N(T )). For
every point x ∈ T we have the map g(., x) = g˜:S1 →
S1 given by z 7→ zp for an integer p > 0, also alled
multipliity. A main theorem of Gompf [24℄ states that
the altered manifold
Mp = (M \N(T )) ∪g N(T )
is homeomorphi to M but not dieomorphi for all
p > 1.
Both surgery steps an be performed simultaneously on
k -embedded tori: Taking k -embedded tori T1, ..., Tk,
k nonnegative integers p1, ..., pk, and hoosing dieomor-
phisms gi: ∂N(Ti) = S
1 × Ti → ∂(M \N(Ti)) with mul-
tipliity pi. The orresponding four-manifold Mp1...pk is
homeomorphi to M if the multipliities are oprime, i.e.
there is no ommon divisor, but not dieomorphi. Now
we assoiate k generators of T to eah of these trans-
formed neighborhoods N(Fi)pi . For a subset of T with
s = 2i− 1 , i = 1, . . . , k the generators es ommute and
we an form the superposition
ϕ =
k∑
i=1
ai(pi)e2i−1 (19)
with oeients ai(pi) depending only on the multipli-
ities. The orresponding urvatures are also superposi-
tions
Ω =
k∑
i=1
(ai(pi))
2[e2i−1Le2i−1]
representing the disjointness of the olletion of neigh-
borhoods N(Fi)pi .
The general ase for all generators an be treated by
a onstrution of Fintushel and Stern generalizing
the logarithmi transform. Let X be a simply onneted
smooth four-manifold whih ontains a smoothly em-
bedded torus T with self-intersetion 0. Given a knot
K in S3, we replae a tubular neighborhood of T with
S1 × (S3 \K) to obtain the knot surgery manifold XK .
In other words, we replae the torus by knotted torus a-
ording to the knot K. Of ourse one an generalize this
proedure by using n embedded tori with self-intersetion
0 and a link L with n omponents (for the details see
[25℄). The main point is that a link with n omponents
an be interpreted as a omposition of two overlapping
neighborhoods N(F1)p1 and N(F2)p2 desribed by loga-
rithmi transforms. The multipliities now orrespond to
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the framings of the link omponents. The generators do
not ommute and we obtain the general superposition
ϕ =
n∑
i=1
ai(Li)ei (20)
with oeients depending only on the link omponents
Li.
By means of the knot surgery the ∗ operation an
be dened by the onstrution of the mirror link −L
related to link L induing a ϕ∗ for eah ϕ. In [20℄
Akbulut shows by an expliit onstrution of the
handle body struture of XL using the handle body
struture of X that XL and X−L must be dieomorphi.
Thus the generators ei have to be self-adjoint e
∗
i = ei.
This emphasizes the onstrution of the ∗-operation in
the C∗-algebra T of the transitions of the dierential
struture.
The fat that quantum mehanis requires a om-
plex Hilbert spae has been a deep mystery sine the
very early days of quantum theory. No satisfying expla-
nation ould be found, and most text books disount
this question as an inonsequential detail of the tehnial
alulus. But the truth is that without the omplex
struture quantum mehanis would miss inherent
properties whih are responsible for the term quantum
in its name, e.g. the interferene terms of a superposition
or the osillating solutions of the Shrödinger equation.
In Setion III we onstruted the oeient eld of the
C∗-algebra T of transitions of dierential strutures.
It was shown that the oeient eld are the omplex
numbers and thus the spae of the dierential strutures
is by neessity a omplex Hilbert spae. In the following
we will give an expliit onstrution of the amplitudes
and phases of the quantum states for the logarithmi
transform.
At rst we have to onsider the transition of the dif-
ferential struture again. Let us start with the ase of
a logarithmi transform, i.e. we remove the neighbor-
hood N(T ) = T × D2 of an embedded torus T in the
4-manifold M and glue it bak by using a dieomor-
phism g: ∂N(T ) → ∂(M\N(T )) to generate the non-
dieomorphi manifold Mg. Thus, we have to study this
map g for the alulation of the hange of the onne-
tion. We remark the deomposition of g into (idT , g˜)
with g˜:S1 → S1 dened by z 7→ zp for z ∈ S1 ⊂ C
and we all p the multipliity of g. The details of the
following alulation will be published in the paper [26℄.
Let e, f be the referene frames for the tangent bundles
TM, TMg, respetively. It is easy to see that g an be
extended to a smooth map f :M →Mg with the dieren-
tial df :TM → TMg. The dierential is a mapping of the
referene frames given by df(e) = a · f with the funtion
a:M → G where G is the struture group of the tangent
bundle TM . The map a is the identity outside of N(T )
and the restrition to g˜ is given by a(z)|g˜ = z
1−p/p where
z ∈ D2 ⊂ C. Let ωe, ωf be the onnetions on TM, TMg,
respetively. Finally we obtain
ωe = df
−1ωfdf + a
−1da
with the form a−1da singular along the torus at z = 0.
Only the map g˜ is singular leading to the form
a−1da = −
p− 1
p
dz
z
dening the urvature
d(a−1da) = −
p− 1
p
δ(z) dz ∧ dz (21)
with Diras delta funtion δ(z). The singular form ϕ(z) =
δ(z)dz ∧ dz is purely imaginary, i.e. ϕ(z) = −ϕ(z) and
an be represented by ϕ = i ℑϕ. The integral over that
form is equal to one and the oeient of the urvature
hange is given by
i
p− 1
p
.
Two questions remain: Where does the imaginary unit re-
ally omes from and what is the 3-manifold Σ? As stated
above, we have a singularity at the origin z = 0 of D2 in
the neighborhood N(T ) = T ×D2 of the torus T . This
singularity is desribed by the omplex funtion zp. By
using ompliate methods from singularity theory, one
an onstrut a knot in S3 whih modies S3 by surgery
to a homology 3-sphere Σ, i.e a 3-manifold with the same
homology as S3 but dierent fundamental group. A on-
strution of the 3-manifold Σ for the ase of a logarithmi
transform an be found in [24℄. Then onsider a SO(3)
bundle over ∂N(T ) = T 3. By using ber bundle theory,
every SO(3) bundle is ompletely lassied by the Euler
lass e(M), i.e. a 2-form whih is losed de(M) = 0 but
not exat e(M) 6= dϕ (for all 1-forms ϕ). But that Euler
lass is indued by a non-trivial SO(2) bundle over T 3
beause the onnetion of the SO(3) bundle has vanish-
ing urvature. Thus the non-trivial urvature (21) is the
urvature of the SO(2) bundle. But SO(2) is isomorphi
to U(1) and the Lie algebra of U(1) are the pure imagi-
nary numbers iR. That is where the imaginary unit omes
into play: As part of the only non-trivial bundle in dimen-
sion 3, the U(1) bundle over the boundary ∂N(T ) = T 3.
By using that result, let us look at the struture group
of the tangent bundle TM of a four-manifold M . In the
ase of a Riemannian manifold the struture group is
SO(4) whereas in the Lorentzian ase we get the Lorentz
group SO(3, 1). Both groups have Lie algebras whih
are isomorphi to the Lie algebras of the orresponding
spin groups, i.e. SU(2)× SU(2) for the Riemannian and
SL(2,C) for the Lorentzian ase. The Lie algebra onsists
of all anti-hermitian operators in C2, i.e. operators of the
form iH where H is a hermitean operator in C2. The ex-
ponential relates the Lie algebra to the Lie group. Thus,
the oeients in (20) are elements of the Lie group and
we obtain
ai(Li) = Ai exp
(
2πi
pi − 1
pi
)
= Ai exp
(
−2πi
1
pi
)
,
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where pi > 1 is the framing number of the link ompo-
nent Li and Ai is a normalization onstant. We all Ai
the amplitude and 2π/pi the phase. The star operation
hanges the knot to its mirror whih hanges the framing
from pi to −pi. Thus the ai are omplex onjugated by
using the star operation a∗i . The normalization of Ai is
given by
1 =
∑
i
A2iTr(e
2
i )
There are two reasons for this normalization: At rst the
trae of an element of T must lie in the interval [0, 1] by
denition and without loss of generality we normalize the
trae to 1. Seondly, if we ompare two dierent dieren-
tial strutures desribed by the same basis elements in T
then we need a normalization to ompare the dierential
strutures by omparing the oeients.
V. THE CONNECTION TO LOOP QUANTUM
GRAVITY AND SUMMARY
Before we disuss the onsequenes of our approah we
will ollet the results of the paper:
1. The set of dierential strutures on a spae-time
is the set of non-dieomorphi referene frames.
Matter is the transition between referene frames
that belong to dierent dierential strutures of the
spae-time.
2. The transition of the dierential struture between
two topologially equivalent 4-manifolds M,N an
be desribed by a smooth map f :M → N having
singularities along a 3-manifold Σ.
3. We have onstruted a C∗ algebra T , the
Temperley-Lieb algebra, representing the set of op-
erators of transitions of the dierential struture
of spae-time. Furthermore we are able to imple-
ment the struture of a omplex Hilbert spae on
the set of dierential strutures by using the GNS
onstrution.
4. The transition of the dierential struture is a mod-
iation of a ontratable 4-dimensional subset of
the 4-manifold. This subset has a boundary, the 3-
manifold Σ. We assoiated to every transition an
element of the algebra T .
5. We have onstruted a omplex struture on the al-
gebra T by using the struture group of the tangent
bundle of Σ.
At the end of setion III we remarked that in a series of
papers, Likorish and Kaufman used the Temperley-
Lieb algebra to onstrut knot invariants in 3-manifolds.
If we go further into that diretion then we will expet
that knots and links are also important in our theory. A
rst step in that diretion is the spae-time realization
of the generators of the algebra T by surgeries along
knots and links introdued by Fintushel and Stern.
But there is a very popular approah to quantum gravity
whih uses extensively knots and links, Loop quantum
gravity.
Loop quantum gravity is based on the formulation of
lassial general relativity, whih goes under the name
of new variables, or Ashtekar variables (see [27℄).
Soon after the introdution of the new variables, it was
realized that the reformulated Wheeler-DeWitt equation
admits a simple lass of exat solutions: the trae of the
holonomy of the Ashtekar onnetion around smooth,
non-self-interseting loops. Then Rovelli and Smolin
[28℄ hoose these Wilson loops as the new basis in the
Hilbert spae of the theory.
Loop quantum gravity is the formulation of anonial
general relativity by a SU(2) onnetion A on a prinipal
bundle over a 3-manifold and a tetrad eld (also alled
the soldering form) of density weight one also dened on
a 3-manifold. This approah assumes the existene of a
global Lorentzian struture on the 4-manifold by intro-
duing a global foliation Σ × R of the 4-manifold. Then
a graph Γ, i.e. a nite olletion of smooth oriented 1-
dimensional submanifolds also alled links, in Σ is hosen
with L(Γ) omponents overlapping only at the endpoints
also alled nodes. Given a SU(2) onnetionA, the holon-
omy Ul(A) ∈ SU(2) of the onnetion A along the link l
is dened to be
Ul(A) = P exp
(∫
l
A
)
(22)
where P denotes path ordering. Then a graph Γ indues
a map A 7→
∏
l∈L(Γ)(Ul(A)) = pΓ(A) whih denes via
a funtion h: [SU(2)]×L(Γ) → C the so-alled ylindrial
funtion by
ΨΓ,h(A) = h
(
Ul1 , . . . , UlL(Γ)
)
.
Quantum states in Loop quantum gravity are limit se-
quenes of ylindrial funtions with respet to the L2
norm. In [29℄, Fairbairn and Rovelli show that the
Hilbert spae of dieomorphism lasses of suh graphs
is non-separable. Furthermore both authors onstrut a
new, separable Hilbert spae by extending the dieomor-
phisms to smooth maps with a nite number of singular-
ities. That is the rst hint that quantum gravity ould
inorporate dierential strutures. But there is more.
In the introdution we have onstruted a singular
onnetion representing the transition of the dieren-
tial struture. Mathematially suh singular onnetions
are distribution-valued dierential forms [9℄. The spae
of onnetions inluding suh singular onnetions is the
4-dimensional analog of the spae A in Loop quantum
gravity and the use of the trae Tr(D) for the onne-
tion orresponds to the gauge equivalene lasses A/G.
If that orrespondene is more than an aident we have
to interpret the holonomies Ul(A) and the graph Γ in a
12
4-dimensional ontext. Here we will give a sketh with
suh an interpretation, where the details will appear in a
follow-up paper.
Given a 3-manifold Σ and a SL(2,C) bundle over the
4-manifold M . The 3-manifold is the singular set of a
map, whih hanges the dierential struture on M . Let
A˜ be a SL(2,C) onnetion on a neighborhood N(Σ) of
the embedded 3-manifold whih restrits to the SU(2)
onnetion A on Σ. By a bundle theoreti redution, this
restrition is unique. As usual, the graph in Σ is a subset
of the triangulation of Σ. All possible graphs in Σ an
be interpreted as the set PΣ of all paths in Σ. Now we
dene a map π:PΣ → Σ whih assigns to eah path its
end point. That denes a bration of the spae PΣ into
the base Σ and ber ΩΣ, the spae of losed loops in Σ.
Thus the path spae PΣ is loally generated by the loop
spae ΩΣ and in the following we will mainly work in
that spae.
The topology of the loop spae is non-trivial, and we
are interested in the onneted omponents of ΩΣ whih
is the fundamental group π1(Σ), i.e. the group of loops
up to ontinuous homotopy. Why are we interested in
that group? Let us onsider the holonomy Uγ(A˜) of a
SL(2,C) onnetion over Σ along a loop γ. It is easy to
show that Uγ(A˜) only depends on the homotopy lass
of the loop γ, i.e. given two homotopi loops γ, ψ, then
Uγ(A˜) = Uψ(A˜). Thus the holonomy denes a represen-
tation U :π1(Σ) → SL(2,C) of the fundamental group
into SL(2,C). What does the representation mean? The
group SL(2,C) is the spin group on the Minkowski spae,
and every representation in that group is equivalent to a
representation into the Lorentz group SO(3, 1) and vie
versa. Thus the holonomy denes also a representation
U :π1(Σ)→ SO(3, 1).
The Lorentz group SO(3, 1) is the isometry group of
the 3-dimensional hyperboli spaeH
3
∞
and the represen-
tation U denes a hyperboli geometry a la Thurston
[30℄ with nite volume on the 3-manifold Σ. Two repre-
sentations U1, U2 whih are not related via onjugation to
eah other dene dierent hyperboli strutures. In the
next paper we will show that the hyperboli strutures on
a 3-manifold are determined by the dierential struture
of the 4-manifold in whih the 3-manifold embeds. Thus,
the holonomies over the loops in the 3-manifold generate
the hyperboli struture on the 3-manifold and are re-
lated to the dierential strutures on the 4-manifold. An
evolution of the 3-manifold Σ whih hanges the hyper-
boli struture results in a onial singularity as rstly
observed in the spin foam models.
Another open point in the Loop quantum gravity is the
foliation of spae-time breaking the general ovariane of
loop theory. With the dierential struture approah we
are able to determine suh a splitting in spae and time
naturally  at least loally. In the neighborhood of the 3-
dimensional singular support Σ we have a anonial split-
ting of the four-manifold into a 3-dimensional and a one-
dimensional spae. Given two singular supports Σ1, Σ2
whih do not interset then two splittings are mostly
not idential. That would be a possible explanation of
the appearane of singular knots and onial singulari-
ties in loop quantum gravity. From the understanding of
these points, it should be possible to obtain a full solution
of the Hamilton onstraint by using the methods above
more extensively. In the next paper we will go further
and desribe something like the dynamis of dierential
strutures and its loalization to 3-manifolds.
Appendix
In the following we will explain the denition of a dif-
ferential df of a singular map f by using the work of
Harvey and Lawson [31℄. At rst we desribe the general
situation.
Let F and E be two vetor bundles over M . Further-
more, let α : E → F be a bundle map admitting sin-
gularities, i.e. a subset Σ ⊂ M where the (loal) map
αx : Ex → Fx is not injetive. Let DE and DF be the
onnetions on E and F , respetively. The main problem
is now that the inverse of the map α not always exists.
Instead we have to dene a map β : F → E. At rst
we assume suh a map exists. Then we dene the push
forward onnetion
~Dα by
~Dα = α ◦DE ◦ β +DF ◦ (1− αβ) .
On the two bundles we introdue metris allowing to de-
ne the adjoint α∗ of α via the salar produt. Then
outside of the singular set Σ we dene
β = (α∗α)−1α∗ .
In general this proedure breaks down on the singular
set Σ, sine β beomes singular on Σ. To hange this,
we hoose an approximation mode, i.e. a xed smooth
funtion χ : [0,∞] → [0, 1] with χ′ ≤ 0, χ(0) = 0 and
χ(∞) = 1. We dene a smooth approximation βs to β by
βs = χ
(
α∗α
s
)
β for s > 0 .
This family βs of maps denes a family of onnetions
~Dαs on F . As s→ 0 the map βs onverge to β uniformily
on ompata in M −Σ. The family βs of maps onverges
for s→ ∞ pointwise to a onnetion on F for all points
in M (see [31℄ for the proofs).
This general situation an be used to dene the on-
netion hange by setting E = TM , F = TN and α = df .
Then the substitute for the inverse df−1 is dened by the
limit s→∞ of βs onstruted above.
Aknowledgments
We thank Carl H. Brans for valuable disussion about
the relevane of dierential strutures in physis. Spe-
ial thanks to Andreas Shramm for important or-
retions. We thank the members of the physisforums
13
(http://www.physisforums.om) for ritiism and help- ful remarks.
[1℄ C.H. Brans and D. Randall. Exoti dierentiable stru-
tures and general relativity. Gen. Rel. Grav., 25:205,
1993.
[2℄ C.H. Brans. Loalized exoti smoothness. Class. Quant.
Grav., 11:17851792, 1994.
[3℄ C.H. Brans. Exoti smoothness and physis. J. Math.
Phys., 35:54945506, 1994.
[4℄ J. Sªadkowski. Exoti smoothness, nonommutative ge-
ometry and partile physis. Int. J. Theor. Phys.,
35:20752083, 1996.
[5℄ J. Sªadkowski. Exoti smoothness and partile physis.
Ata Phys. Polon., B 27:16491652, 1996.
[6℄ J. Sªadkowski. Exoti smoothness, fundamental intera-
tions and nonommutative geometry. hep-th/9610093,
1996.
[7℄ J. Krol. Bakground independene in quantum gravity
and foring onstrutions. Found. of Physis, 34:361
403, 2004.
[8℄ J. Krol. Exoti smoothness and non-ommutative
spaes.the model-theoreti approah. Found. of Physis,
34:843869, 2004.
[9℄ T. Asselmeyer. Generation of soure terms in general
relativity by dierential strutures. Class. Quant. Grav.,
14:749  758, 1996.
[10℄ J. Sªadkowski. Strongly gravitating empty spaes.
Preprint gr-q/9906037, 1999.
[11℄ G. E. Bredon. Topology and Geometry. Springer-Verlag,
New York, 1993.
[12℄ D. Rolfson. Knots and Links. Publish or Prish, Berkeley,
1976.
[13℄ N. Bourbaki. Elements of Mathematis. Springer, Berlin,
ommutative algebra edition, 1989.
[14℄ A. Connes. Non-ommutative geometry. Aademi Press,
1995.
[15℄ V. Jones. Index of subfators. Invent. Math., 72:125,
1983.
[16℄ J. Milnor. A unique deomposition theorem for 3-
manifolds. Amer. J. Math., 84:17, 1962.
[17℄ W. Jao and P. Shalen. Seifert bered spaes in 3-
manifolds, volume 21 of Mem. Amer. Math. So. AMS,
1979.
[18℄ C. Curtis, M. Freedman, W.-C. Hsiang, and R. Stong. A
deomposition theorem for h-obordant smooth simply
onneted ompat 4-manifolds. Inv. Math., 1997.
[19℄ R.C. Kirby. The Topology of 4-Manifolds. Leture Notes
in Mathematis. Springer Verlag, Berlin-New York, 1989.
[20℄ S. Akbulut. A fake usp and a shtail. Turk. J. of Math.,
23:1931, 1999.
[21℄ D. Husemoller. Fiber Bundles. Springer-Verlag, New
York, third edition, 1994.
[22℄ G.J. Murphy. C∗-Algebras and Operator Theory. Aa-
demi Press In., San Diego, 1990.
[23℄ R.J. Plymen and P.L. Robinson. Spinors in Hilbert spae.
Cambridge University Press, 1994.
[24℄ R. Gompf. Nulei of ellipti surfaes. Topology, 30:479
511, 1991.
[25℄ R. Fintushel and R. Stern. Knots, links, and 4-manifolds.
Inv. Math., 134:363400, 1998. (dg-ga/9612014).
[26℄ T. Asselmeyer-Maluga and C.H. Brans. Dierential
strutures and soures of gravity. (will be published).
[27℄ A. Ashtekar. New variables for lassial and quantum
gravity. Phys. Rev. Lett., 57(18):22442247, 1986.
[28℄ C. Rovelli and L. Smolin. Knot theory and quantum
gravity. Phys. Rev. Lett., 61:1155, 1988.
[29℄ W. Fairbairn and C. Rovelli. Separable Hilbert spae
in Loop Quantum Gravity. J.Math.Phys., 45:28022814,
2004. (also available as gr-q/0403047).
[30℄ W. Thurston. Three-Dimensional Geometry and Topol-
ogy. Prineton University Press, Prineton, rst edition,
1997.
[31℄ F.R. Harvey and H.B. Lawson. A theory of harateris-
ti urrents assoiated to a singular onnetion. Soiété
Mathématique De Frane, astérisque 213 edition, 1993.
[32℄ In the following we will present the eld equation oor-
dinate independent for arbitrary vetor elds X,Y .
[33℄ In 3-manifold topology, suh a 2-manifold is alled an
inompressible surfae.
[34℄ Otherwise the smooth map is bijetive and thus a dieo-
morphism.
[35℄ The four-manifold M must satised the ondition
b+2 (M) > 0.
[36℄ We all a torus T -embedded inM , if there is a neighbor-
hood N(T ) in M and a dieomorphism φ : N(T ) → U
where U is a neighborhood of a usp ber in an ellipti
surfae and φ(T ) is a smooth ellipti ber in U .
